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a b s t r a c t
In this paper, the solutions of initial value problems for a class of second-order linear
differential equations are obtained in the exact formbywriting the equations in the general
operator form and finding an inverse differential operator for this general operator form.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
The consideration of initial value problems for second-order ordinary differential equations is motivated by a number of
physical problems in various fields [1,2].
In recent years, the studies of these types of initial value problems have attracted the attention of many mathematicians
and physicists. For example, Adomian’s decomposition method (ADM) [3,4] which has been applied to a wide class of initial
and boundary value problems for differential equations.
The solution proposed by Adomian [3,4] is to take the differential operator L as the highest-ordered derivative of the
linear part. For example, for the linear (deterministic) ordinary differential equation [4]
d2u
dx2
− kxpu = f (x) with u(−1) = u(1) = 0.





0 (.)dxdx, and operates with L
−1
xx . Therefore
u = u(0)+ xu′(0)+ L−1xx
(
kxpu
)+ L−1xx (f (x)) ,




Many solutions have been obtained in [5,6] for further specific second-order ordinary differential equations: Lane–Emden
equation, linear singular initial value problem and other equations by choosing a different inverse differential operators and
using ADM.










+ r(x)y = f (x), x > x0, (1.1)
y(x0) = α, y′(x0) = β, (1.2)
where p(x) ∈ C1([x0, L]), q(x), r(x) and f (x) are some functions.
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The method is based on writing Eq. (1.1), under suitable conditions on the coefficients, in the general operator form




and we propose an inverse differential operator L−1xx of Lxx. Therefore, the exact
solutions of the problem (1.1)–(1.2) can be obtained from operating with L−1xx .
2. The method
The key idea of our method is as follows.
Multiplying both sides of Eq. (1.1) by ξ1(x) = e
∫ r(x)









+ ξ1(x)q(x)dydx + ξ1(x)r(x)y = ξ1(x)f (x),









+ ξ1(x)q(x)dydx + ξ
′
























(ξ1(x)y) = f (x). (2.3)
Let ξ1(x)y = z,where ξ1(x0) and ξ ′1(x0) are defined.


















= f (x). (2.4)























= f (x). (2.5)
If we choose p(x)( 1
ξ1(x)
)′ = c , where c is a constant, that is, cq(x) + p(x)r(x)e−
∫ r(x)











= f (x), (2.6)
where s(x) = p(x)
ξ1(x)
and t(x) = q(x)
ξ1(x)
+ c.
Now, as before, multiplying both sides of Eq. (2.6) by ξ2(x) = e
∫ t(x)









+ ξ2(x)t(x)dzdx = ξ2(x)f (x). (2.7)





















= ξ2(x)f (x). (2.9)
Now, we write Eq. (2.9) in the form
Lxxz = g(x), (2.10)




, h(x) = ξ2(x)s(x) and g(x) = ξ2(x)f (x).
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+ L−1xx (g(x)). (2.11)
After z has been found the solution of (1.1)–(1.2) is given by y = 1
ξ1(x)
z.
Thus, we have proved the following new theorem.
Theorem 1. For the given initial value problem (1.1)–(1.2).
If there exists a constant c such that
cq(x)+ p(x)r(x)e−
∫ r(x)
q(x) dx = 0.











h(x) = ξ2(x)s(x), g(x) = ξ2(x)f (x),
ξ1(x) = e
∫ r(x)





, t(x) = q(x)
ξ1(x)
+ c,










In the following we shall apply the above techniques to a few various linear differential equations of mathematical physics.









y = 0, x > 0,
y(0) = 1, y′(0) = −1
b
.
Here p(x) = 1, q(x) = b−xx , r(x) = bx and f (x) = 0.
If we choose a = −1, then, the conditions of Theorem 1 are fulfilled and straightforward computation yields c = 1,
ξ1(x) = 1b−x , ξ2(x) = x
b
b−xe
−x, h(x) = xbe−x, s(x) = b− x and t(x) = (b−x)2x + 1.
By direct application of Theorem 1, we get z = 1b and the exact solution to this problem y(x) = 1ξ1(x) z = b−xb .
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+ by = 3x2, x > 1,
y(1) = 1, y′(1) = 2.
If we choose a = 1 and b = −1, then the conditions of Theorem 1 are fulfilled and direct calculation produces c = 1,
ξ1(x) = 1x , ξ2(x) = x2, h(x) = x3, t(x) = 2, s(x) = x, g(x) = 3x2 and L−1xx g(x) = 12x2 + x− 32 .
By direct application of Theorem 1, we get z = x. Therefore, the exact solution to this problem is y(x) = 1
ξ1(x)
z = x2.








1− x2 y =
2
1− x2 , x > −1,
y(−1) = 2, y′(−1) = −1.
Theorem 1 can be applied and direct calculation produces c = 1, ξ1(x) = 1x , ξ2(x) = x(1− x2), h(x) = x2(1− x2), t(x) =−2x
1−x2 + 1, s(x) = x, g(x) = 2x and L−1xx g(x) = 1x + 1. Thus z = 1x − 1 and y(x) = 1− x.
3. Conclusion
In conclusion, we have successfully found some exact solutions for a second-order ordinary differential equations by





in which the inverse differential operator L−1xx of Lxx can be found. Therefore, the exact solutions of such
problem (1.1)–(1.2) are obtained from operating with L−1xx .
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